A fibre product construction is used to give a description of quantum line bundles over the generic Podleś spheres by gluing two quantum discs along their boundaries. Representatives of the corresponding K0-classes are given in terms of 1-dimensional projections belonging to the C*-algebra, and in terms of analogues of the classical Bott projections. The K0-classes of quantum line bundles derived from the generic Hopf fibration of quantum SU(2) are determined and the index pairing is computed. It is argued that taking the projections obtained from the fibre product construction yields a significant simplification of earlier index computations.
Introduction
The main goal of the paper is to show that the fibre product approach provides an effective tool for simplifying index computations. Our example is one of the most extensively studied quantum spaces, namely the Podleś spheres [20] . These two parameter deformations of the classical 2-sphere served as a guiding example in the development of the theory of coalgebra bundles (quantum principal bundles) [3, 4] . In this setting, the Podleś spheres and the quantum SU(2) play the roles of base and total space of a noncommutative Hopf fibration, respectively. A projective module description of all associated quantum line bundles was given in [11] for the standard Podleś sphere, and in [12, 21] for general parameters. Since the cyclic cohomology of the Podleś spheres was known [17] , the projective module description made it possible to compute the index pairing (Chern-Connes pairing) between cyclic cohomology and the K 0 -classes of the quantum line bundles. This was done first in [10] for the standard Podleś sphere, and then extended to the general case in [12] . Their proofs relied heavily on the index theorem, arguing that the index is an integer and taking a suitable limit of the parameters. The main obstacle for a direct computation was the growing size of the projection matrices, leading to complicated expressions which are difficult to handle. It is therefore desirable to find a tool for obtaining simpler representatives of K-theory classes.
The computations of the K-groups of quantum 2-spheres in [13] and of quantum 3-spheres in [2] strongly encourage to use a fibre product approach to index pairings. Furthermore, an explicit description of projective modules and a significant simplification of the index problem were obtained in [8] by using Bass' construction of the Mayer-Vietoris boundary map in (algebraic) K-theory [1] . In the present paper, we shall see another example where the fibre product approach simplifies the index computation considerably.
The fact that the C*-algebra of generic Podleś spheres is given by a fibre product of two Toeplitz algebras follows from [22, Proposition 1.2] . In Section 3, we explain how this description can be interpreted as gluing two quantum discs along the boundary (see also [5, 6] ). Our first result concerns the construction of quantum line bundles. Since the boundaries of the quantum discs are identified with the classical circle S 1 , we can glue two trivial bundles over the quantum disc by using the same transition function as in the commutative case. The gluing procedure is described by a fibre product and the resulting projective modules are considered as quantum line bundles of winding number N , where N ∈ Z is the degree of the transition function. We then show that the quantum line bundles are isomorphic to projective modules given by elementary 1-dimensional projections. In a sense, the quantum case is simpler than its classical counterpart since there are no non-trivial 1-dimensional projections in C(S 2 ). The link between the fibre product approach of quantum line bundles and the Hopf fibration of SU q (2) will be established in Section 4. We prove that, for each winding number, the projection derived from the noncommutative Hopf fibration is Murray-von Neumann equivalent to the 1-dimensional projection of the fibre product construction. As an intermediate step, we introduce Murrayvon Neumann equivalent 2 × 2-projections whose entries are rational functions of the generators of the Podleś spheres. These 2×2-projections can be viewed as analogues of the classical Bott projections. Moreover, their explicit description enables us to give a short direct proof of the statement that the direct sum of quantum line bundles with winding number N and −N is equivalent to a free rank 2 module.
In the final section, we carry out the index computations. Because of the previous results, we are free to choose the most convenient representatives of the K 0 -classes. By using the 1-dimensional projections from the fibre product approach, the index pairing reduces to its simplest possible form; it remains to calculate a trace of a projection onto a finite dimensional subspace. In analogy to the classical case, one generator of K-homology computes the winding number, and the other detects the rank of the projective module.
Preliminaries

Fibre products
Let π 0 : A 0 → A 01 and π 1 : A 1 → A 01 be morphisms of C*-algebras. The fibre product A := A 0 × (π0,π1) A 1 is defined by the pull-back diagram
Up to a unique isomorphism, A is given by
where A 0 × A 1 denotes the outer direct sum of C*-algebras with multiplication 
The generic Podleś spheres
Let q ∈ (0, 1) and s ∈ [0, ∞). The *-algebra O(S 2 qs ) of polynomial functions on the quantum 2-sphere S 2 qs is generated by η s , η * s and an hermitian element ζ s satisfying the relations [20] 
The case s = 0 corresponds to the standard Podleś sphere. Its algebraic and C * -algebraic properties differ considerably from the other Podleś spheres which we call "generic". The standard Podleś sphere is treated in [14] and will be excluded here. Note that, for s > 0, O(S 2 qs ) and O(S 2 q,s −1 ) are isomorphic, where an isomorphism is given by ζ s → −s 2 ζ s −1 and η s → sη s −1 . For practical reasons, we shall consider both versions of the same *-algebra.
Recall that the universal C * -algebra of some *-algebra is defined as the C * -completion with respect to the universal C * -norm given by the supremum of the operator norms over all bounded *-representations (if the supremum exists). The universal C * -algebra of O(S 2 qs ) will be denoted by C(S 2 qs ). The *-representations of O(S 2 qs ) were described in [17, 20] and are classified as follows. Given a Hilbert space H 0 , set H := ⊕ ∞ n=0 H n , where H n = H 0 . For e ∈ H 0 \ {0} and n ∈ N 0 , we denote by e n the vector in H which has e as its n-th component and zero otherwise. On H, the shift operator S is given by
Now let H 
The representations ρ − , ρ 0 and ρ + are irreducible if and only if the Hilbert spaces H + 0 , H − 0 and H 0 are 1-dimensional. It was argued in [17, 22] that the direct sum ρ − ⊕ ρ + of the irreducible representations ρ − and ρ + on ℓ 2 (N 0 ) yields a faithful representation of C(S 2 qs ). Therefore we can consider C(S 2 qs ) as the concrete C * -algebra given by the rep-
. By a slight abuse of notation, we shall frequently identify elements of C(S 2 qs ) with its image under the mapping ρ − ⊕ρ + . For later use, let us also mention that
To give an explicit description of C(S 2 qs ), we make use of the quantum disc. The *-algebra O(D 2 q ) of polynomial functions on the quantum disc is generated by two generators z and z * with relation
The universal C * -algebra of O(D 2 q ) is well known. It has been discussed by several authors (see, e.g., [15, 17, 22] ) that it is isomorphic to the Toeplitz algebra T , where T can be characterized as the universal C * -algebra generated by the unilateral shift S on ℓ 2 (N 0 ). Let U denote the unitary generator of C(S 1 ). The so-called symbol map is the *-homomorphism σ : T → C(S 1 ) defined by σ(S) = U . In [22] , it has been shown that (for s > 0)
The *-representations ρ − and ρ + of C(S 2 qs ) on ℓ 2 (N 0 ) are then given by
The K-theory and K-homology of C(S 2 qs ) has been computed in [17] . There it is shown that K 0 (C(S 
. The even Fredholm module on C(S 1 ) was described in [16] by the following pair of representations π ± : C(S 1 ) → ℓ 2 (Z):
Note that the representation π − is non-unital. More precisely, π − (1) is the projection onto span{e n : n ∈ Z \ {0}}. Composing π ± with the symbol map σ yields the second generator of
, where ε ± = π ± • σ.
Hopf fibrations of quantum SU(2) over the generic Podleś spheres
Let again q ∈ (0, 1). The Hopf *-algebra O(SU q (2)) of polynomial functions on the quantum group SU q (2) is generated by α, β, γ, δ with relations αβ = qβα, αγ = qγα, βδ = qδβ, γδ = qδγ, βγ = γβ,
and involution α * = δ, β * = −qγ. The Hopf algebra structure is given by
By restricting the comultiplication ∆ of O(SU q (2)) to O(S 2 qs ), the latter becomes a right O(SU q (2))-comodule *-algebra.
Let
It has been shown in [18] that J s is spanned by group-like elements g N , N ∈ Z. Set
Then the algebra of co-invariants M 0 is isomorphic to O(S 2 qs ) (via the embedding (9)), M N is a finitely generated projective O(S 2 qs )-module, and O(SU q (2)) is the direct sum of all M N [18] . Analogous to the classical Hopf fibration over the 2-sphere, the projective modules M N are considered as line bundles over the quantum 2-sphere S 2 qs with winding number N . Descriptions of idempotents representing M N for all N and all parameters s have been given in [12, 21] . For the convenience of the reader, we review briefly the construction of idempotents from [21] .
For N ∈ Z, set
and u 0 = 1. From [4] , we conclude that pr s (u N ) = g N and thus u N ∈ M N .
(In order to apply the results of [4] , one has to switch from right coalgebras to left coalgebras by using the * -algebra automorphism and coalgebra anti- 
where the superscript t denote the transpose. As
P ±2l is a self-adjoint idempotent. It has been shown in [21] that the entries of
Let C(SU q (2)) denote the C * -completion of O(SU q (2)) with respect to the universal C * -norm. Clearly, each *-representation of O(SU q (2)) restricts to one of O(S 2 qs ). On the other hand, the faithful representation
can be realized as a subrepresentation of a *-representation of O(SU q (2)), for instance, of the GNS-representation associated with the Haar state on O(SU q (2)) (see, e.g., [21, Section 6] ). From the definition of the universal C * -norm and the isomorphism C(S
qs )), it follows that the embedding is an isometry. Thus C(S 2 qs ) can be viewed as a subalgebra of C(SU q (2)).
Two auxiliary lemmas
The 
and w 0 = 1. Applying the coaction ∆ on u N and taking only the elements with α and γ in the left tensor factor, one sees that w N is a lowest weight vector belonging to the same corepresentation as u N . In particular,
for some non-zero real constant d ±2l , where l ∈ 1 2 N 0 . Lemma 2.2. For n ∈ N 0 , u n ζ q n s = ζ s u n , w n ζ q n s = q 2n ζ s w n ,
u n η q n s = q n η s u n , u −n η q −n s = q −n η s u −n ; (15)
Proof. The lemma is proved by direct computations using the embedding (9), the commutation relations in O(SU q (2)), and induction on n.
Fibre product approach to line bundles over the generic Podleś spheres
The isomorphism (7) admits a geometric interpretation as describing the generic Podleś spheres by gluing two quantum discs along their boundaries. To see this, note that spec(ρ − (ζ s )) ⊆ [−s 2 q 2 , 0] and spec(ρ + (ζ s )) ⊆ [0, q 2 ]. As a consequence, (1 − ρ − (ζ s )) and (s 2 + ρ + (ζ s )) are strictly positive operators with bounded inverses. Let z − and z + be defined by "stereographic projection":
Then one readily checks that z − and z + satisfy the defining relation (6) of the quantum disc and therefore generate T , the C * -algebra of O(D 2 q ). The generators ρ ± (ζ s ) and ρ ± (η s ) can be recovered from z ± since
Thus we can view the two copies of T in (7) as algebras of continuous functions on the quantum disc derived from continuous functions on the northern hemisphere ζ s ≥ 0 and the southern hemisphere ζ s ≤ 0 by "stereographic projection". Furthermore, the isomorphism (7) shows that C(S 2 qs ) is obtained as the fibre product of two Toeplitz algebras by the following pull-back diagram:
In the classical case q = 1, the surjection σ : T → C(S 1 ) corresponds to an embedding of the circle S 1 into the closed disc D 2 , and the relation σ(a 0 ) = σ(a 1 ) in (7) means that a pair of continuous functions on the northern and southern hemispheres is identified with a continuous function on the 2-sphere iff their restrictions to S 1 coincide. This identification captures precisely the meaning of gluing two (quantum) discs along their boundaries.
Recall that complex line bundles with winding number N ∈ Z over the classical 2-sphere can be constructed by taking trivial bundles over the northern and southern hemispheres and gluing them together along the boundary via the map
Our aim is to give a non-commutative analogue of this construction. The fibre product (26) tells us that the trivial bundles over the discs D 2 should be replaced by T , whereas the transition map U N remains the same. This leads to the following pull-back diagram:
T pr 0 y y s s s s s s s s s s
where
Thinking of T and C(S 1 ) as left modules over themselves, it follows from the discussion in the end of Section 2.1 that T × (U N σ,σ) T is a left C(S 2 qs )-module. This can also be seen directly from Equations (7) and(27).
The next proposition gives a projective module description of T × (U N σ,σ) T .
and define
Then the left C(S Proof. Clearly, E N is a projection in C(S 2 qs ) since σ(S n S * n ) = 1 = σ(1) and S * n S n = 1 for all n ∈ N 0 . Let N ≥ 0. From σ(S * ) = U * , (7) and (27), it follows that (a 0 S * N , a 1 ) belongs to C(S 
We claim that Ψ N is an isomorphism. Note that Ψ N ((a 0 , a 1 )) = (a 0 S * N , a 1 ) since, as above, S * N S N = 1. Assume that (a 0 , a 1 ) ∈ Ker (Ψ N ). Then 0 = (a 0 S * N , a 1 ). Hence a 1 = 0 and, as S * N is right invertible, a 0 = 0. Therefore (7) and (27), and
For N < 0, one proves analogously that
is an isomorphism. |N |+1 P N , where P N was given in (11) . As the entries of P N belong to O(S 2 qs ), these projections represent K 0 -classes of C(S 2 qs ). The aim of this section is to prove that P N and the 1-dimensional projection E N from Equation (28) define the same class in K 0 -theory. As an intermediate step, we first reduce the (|N | + 1) × (|N | + 1)-projections P N to Murray-von Neumann equivalent 2 × 2-projections by assembling the corners of P N . These 2 × 2-projections are quantum analogues of the classical Bott projections. After that, we prove the Murray-von Neumann equivalence of the "Bott projections" and E N . Note that the 1-dimensional projections E N , N = 0, do not have classical counterparts since S 2 is connected and therefore all projections in C(S 2 ) are trivial. Let l ∈ 1 2 N. Recall from the Preliminaries that P ±2l = V ±2l V * ±2l , where
t , and that v l l,±l ∼ u ±2l and v l −l,±l ∼ w ±2l with u ±2l and w ±2l given in Equations (10) and (12), respectively. By Lemma 2.2, we have, for n ∈ N,
Here, the constants q ±n(n−1) were inserted in order to obtain more symmetric formulas. Using (5), one easily shows that u * −n u * −n + q n(n−1) w * −n w * −n and q −n(n−1) u * n u * n + w * n w * n are strictly positive operators with bounded inverses in C(SU q (2)). Thus we can define the following 2-vectors with entries in C(SU q (2)):
Obviously, W * ±n W ±n = 1, so that
is a self-adjoint idempotent.
Lemma 4.1. Let n ∈ N. With t an indeterminate, define
Set S := (S, S) ∈ C(S In particular, the entries of Q ±n belong to C(S 2 qs ).
Proof. The entries (Q ±n ) ij , i, j = 1, 2, of the 2 × 2-matrices Q ±n are easily computed by using Lemmas 2.1 and 2.2. For instance,
where we used (29) in the second equality, (13) in the third, and (20) and (32) in the fourth. From the second relation in (3) and the identification η s → (ρ − (η s ), ρ + (η s )) ∈ C(S 2 qs ), it follows that the polar decomposition of η s is given by
Inserting the last equation into the above expression for (Q n ) 12 gives the result.
Clearly, S n and S * n belong to C(S 2 qs ). Thus, to prove the last statement of the lemma, it suffices to show that the functions in ζ s are continuous on spec(ζ s ). This can easily be verified by observing that the denominators are non-zero. Recall the definitions of P N and E N in Equations (11) and (28), respectively. For convenience of notation, set Q 0 := (1 , 0) t (1 , 0). In the next proposition, we show that, for fixed N ∈ Z, the projections P N , E N and Q N are Murray-von Neumann equivalent. Proof. The case N = 0 is trivial. For N = 0, set
where V N and W N are defined in Equations (11) 
and similarly Y −n Y * −n = E −n . This concludes the proof.
From Proposition 3.1 and the proof of Proposition 4.3, we obtain the following isomorphisms of left C(S 2 qs )-modules:
The common K 0 -class will be denoted by [L N ]. Classically, the direct sum of two line bundles over the 2-sphere with winding number N and −N is isomorphic to a trivial rank 2 bundle. An analogous result holds in the quantum case: 
The case N = 0 is trivial.
Index computation for quantum line bundles
Let A be a C*-algebra, p ∈ Mat n,n (A) a projection, and ̺ + and ̺ − *-representations of A on a Hilbert space H such that [(̺ + , ̺ − )] ∈ K 0 (A). If the following traces exist, then the formula (1) is the projection onto Ce 0 . Moreover, σ((S n S * n , 1)) = σ((1, S n S * n )) = 1 for all n ∈ N 0 , therefore σ(E N ) = 1. Since ε ± = π ± • σ, we get (27) and thus computes the "winding number", i.e., the number of rotations along the equator of the two glued quantum discs. That the pairing between [(ρ + , ρ − )] and the K 0 -class of P N gives the winding number N has been shown before in [12] , relying heavily on the index theorem. The advantage of our fibre product approach is that we are able to compute the index pairing directly by finding projections of small matrix size.
